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Abstract
Let m be an arbitrary fixed positive integer. It is shown that there exist infinitely
many prime numbers p for which we formally get an elliptic function field over GF(p)
with the class number p+l divisible by m.
§1. Theorems
Let p be a prime number larger than three. Let k be the prime field GF(/>) of
characteristic p and let K be an elliptic function field over k. Then it is well known
that the generating equation of K-k(x, y) is expressible as the Weierstrass'normal
form
y2-Ax3-g2x-g3
where gz, gz∈k and g23-27」; ≠0. (See M. Eichler[2;p.200]).
In this note we shall consider the class number of ∬ under the restriction g2g3-0-
Then, by the properties of the Hasse invariant, we can concisely prove the following
theorem which we proved in [4] in a disorderly manner on the basis of the
elementary number theory.
Theorem 1. Let p be a prime number satisfying 」>3. Let K be an elliptic
function field over k-GF(p). Denote by h the class number of K.
( i ) // thegenerating equation of K is
jv2-4at3-a, {a∈k, a≠0),
then a necessary and sufficient condition for the equality h-p+l is the congruence
p…2 mod.3.
(ii) // the generating equation of K is
y2-4x3-ax, (θ∈h, α≠0),
then a necessary and sufficient condition for the equality h-p+l is the congruence
p…3 mod.A.
This theorem is useful in giving many examples of algebraic function fields with
the class numbers divisible by a fixed integer. As an application of Theorem 1 we
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can actually get the following theorem. 
Theorem 2. Let m be an arbitrary fixed positive integer. Then there exist 
infinite/y many prime numbers p for which we can formal/y get an elliptic 
function field over GF(p) with the class number p+1 divisible by m. 
Furthermore, we can extend Theorem 2 as follows. 
Theorem 3. Let m and n be arbitrary fixed positive integers. Then there exist 
infinitely many prime numbers p for which we canformally get an e/liptic function 
field over GF(p) whose class number is divisible by m and can be put in the form 
p +1 (V-p)"{1+(-1)"}. 
S 2. Proof of Theorem 1 
Wc shall prove Theorem I in this section. Let p be a prime number larger than 
three. Let K be an elliptic function field over k=GF(p). We shall indicate the class 
number of K by h and the Hasse invariant by A. Then the relation between h and 
A is given by the following lemma. 
Lemma 1. A necessary and sufficient condition for h=p+1 is A=0. 
Proof. We shall denotc by N thc number of prime divisors of degree one in K. 
Since K is elliptic, it is wcll known that 
h=N and lp+1-NI ~2Vp 
hold. (See M. Eichler[2 ; pp. 303-306]). This inequality means, becausc of p>3, that 
N=p+1 holds if and only if N:~l mod, p holds. 
Moreover, we proved in [ 3 1 that N'-'_-1 mod. p holds if and only if A=0 holds. 
Therefore a necessary and sufficient condition for N=p~1 is A=0. Thus, by making 
use of h=N, wc get lemma 1. 
In order to prove Thcorem 1, we shall also need thc following lemma. 
Lemma 2. ( j ) If the generating equation of K is 
y2=4x3-a, (ae~k, a~0), 
then A=0 holds rf and on!y if p~~2 mod. 3 holds. 
( ii ) If the generating equation of K is 
y2 =4x3 -ax, (a~Eh, a~0), 
then A=0 holds if and only if p~~3 mod. 4 holds. 
Proof. Let the generating equation of K be generally 
y2 = 4x3 -g2x-g3. 
Then by a well known rcsult of M. Deuring[1 ; p. 255], A is equal to the coefficient 
~p~ 1 
of x 2 in the following polynomial in x~1. 
p-1 
(-g3x~3-g2x~2-H4) 2 . 
Thus, in case ( i ) we easily obtain 
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f p-1 1 p-l J 2 1 (_42a) 6 ~0 if pEEI mod. 3, and 
A ~ -li 
t , if p2 mod. 3. ~6 
A=0 
Similarly, in case ( ii ) wc gct 
f p-1 j p_1 2 : 
= j A p-1 (~4a) ~0 if p I mod 4 and 
f / if p~~~3 mod. 4. 4 ' 
A=0 
Thercforc Lcmma 2 is complctcly proved. 
Theorcm I now follows immediatcly from Lcmma I and Lemma 2. 
S 3. Proofs of Theorems 2 and 3 
Wc shall provc Theorcm 2 and Theorem 3 in this section. 
Proof of Theorern 2. Lct m bc an arbitrary fixcd positive intcger. We shall assurne 
that t=3 or t=4. Thcn, sincc tm and tm-1 are coprime, thcre exist infinitely many 
prime numbcrs p satisfying the congrucnco p:~tm-1 mod. tm by making use of the 
Dirichlet's thcorem. 
If wo choose such a prime p, it is obvious that p~;t-1 mod, t and mlp+1 whcre 
the notation cld means that d is divisiblc by c. So we shall put h=GF(p), K=h(x,y) 
and y2=4x3-a or y2=4x3-ax, whcrc a means an arbitrary non-zero element in h, 
according as pE~2 mod. 3 or p~~~3 mod. 4. Then thc desired properties of K follow at 
oncc from Thcorem 1; thc class number h of K satisfies h=p+1 and m I h. Theorem 
2 is thereby proved. 
Proof of Theorem 3. Procccding as in the proof of Theorem 2, we shall denote by 
K* thc constant field cxtension of K of degrec n. Since k is finitc, it is clear that 
K~ is an clliptic function field with GF(p") as its field of constants. 
The class numbcr h~ of K,, is divisiblc by h. This is due to thc fact that therc 
is a degrec prcserving natural isomorphism of the divisor class group of K into the 
divisor class group of K,,. Hence we get m lh~ because of m I h. In order to compute 
hn, wc shall consider the following polynomial in U. 
L(U) = I + (N- p- I ) U+ pU2 
whcre N mcans the numbcr of prime divisors of dcgrce one in K. 
As is well known in M. Eichler [2;p. 305], if we put 
L(U) (1 w U)(1-w2U) 
then h~ is expressed by 
hn=p"+1-(w "+w2") 
Sincc N=h and h p+1 hold m our case we havc 
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　　　　　　　　L（U）＝1十力U2　andω1＝一ω2＝±V／一1）．
Therefore　we　get
　　　　　　　　h．＝ヵ銘十1一（V／一ヵ）π｛1十（一1）π｝．
This　completes　the　proof　of　Theorem3．
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